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Introduction
In recent years, great interests have been focused on how to control the propagation velocity of light pulses in different optical materials [1] [2] [3] [4] [5] [6] [7] [8] [9] . Controllable slow light can be used in such applications as optical buffering, variable true time delay, and optical information processing. Early slow-and fast-light researches usually use the large normal and abnormal dispersion associated with a resonance of a material system [3, 5, 7, 10] . Among these, there are two representative methods, electromagnetically induced transparency (EIT) [3] and coherent population oscillations (CPO) [11] , which usually require a long duration pulse.
Approaches of delaying ultra-short pulses and that compatible with present fiber-optic communication systems are strongly required. For fibers have several advantages including a broad range of operating wavelengths, operation at room temperature and flexible lengths, various methods based on fiber have been intensively studied. Matthew S. Bigelow etc. extended the study of CPO to single-mode erbium-doped silica fiber [12] , which can gain the ability to tune the pulse delay continuously from positive to negative by changing the intensity of pump laser [13] . In this approach, the probe pulse is of ms magnitude, and the obtained fractional delay or advancement is usually less than one, which limits its practical application in communication systems.
By using the dispersion associated with a laser-induced amplifying resonance, stimulated Brillouin scattering (SBS) [14, 15, 16] , stimulated Raman scattering (SRS) [17] , and Raman assisted parametric process (OPA) [18] have been extensively proposed to control the group velocity of ultra-short pulse in optical fiber communication systems. By SBS, the slow-light resonance can be created at the desired wavelength by tuning the wavelength of the pump, and pulse delay more than 1 signal pulse duration can be obtained. However, it can only delay ps pulse due to its gain bandwidth of GHz. In addition, they may have some inherent limitations such as pulse distortion accompanied with large pulse delay. Besides, the available bandwidth for slow and fast light in Raman assisted OPA is also tens to hundreds of GHz, which also allows the delay of picoseconds pulse. By SRS, femtosecond pulses can be delayed associated with a gain bandwidth of THz. According to our knowledge, it can only realize relatively small temporal shift less than 1 pulse duration at certain wavelength. These above constraints of different approaches to control group velocity of optical pulse may limit their performance in all-optical communication systems to some extent.
It is noticed that group velocity of femtosecond pulse can also be controlled by SHG quadratic nonlinear interactions under phase mismatch [19] . In this scheme, more than 1 fractional delay has been reported in a widely tunable wavelength range. In this cascading SHG process, in the cycles of up-and down-conversion between fundamental frequency wave (FF) and second harmonic wave (SH), FF pulse can be dragged by the SH pulse, then the group velocity of FF wave can be modulated by itself.
In this paper, we propose a novel scheme to control the group velocity of femtosecond pulse efficiently by cascading second harmonic generation (SHG) and difference frequency generation (DFG) nonlinear interactions. The remarkable advantages of our scheme are i) ultra-short pulse duration of fs pulse can be delayed or advanced, ii) group velocity of input signal can be efficiently controlled by tuning the pump, rather than modulated by the signal itself, so more flexibility can be provided, iii) over a wide wavelength range of 180nm of input signal, iv) large fractional advancement of 2.4 and fractional delay of 4 can be obtained.
Theoretical model
In our scheme, we consider that pump and signal pulse are incident onto a z-cut, 30-mm long periodically poled MgO:LiNbO 3 (PPMGLN) crystal along x direction (as shown in Fig. 1 ). During the propagation in the crystal, the pump pulse (central wavelength at ω p ) generates the second harmonic (SH) wave first, and then the converted wave (central frequency at ω c ) can be generated by DFG between the SH pulse (central frequency at ω SH ) and signal pulse (central frequency at ω s ). The energy consequently passes from the pump to the SH, and then the signal and the converted wave back and forth. As a result, the signal decelerates (or accelerates) when it is dragged by the slower (or faster) SH pulse because of the slight groupvelocity mismatch (GVM) and energy exchange between signal and SH. We consider a type I QPM geometry in this quadratic cascading interaction and the nonlinear coefficient d 31 is used. The wave-vector mismatching between the pump and the signal (or the converted) is quite large since the central wavelength of the pump is very close to that of the signal (or the converted) in our model, so the very weak direct interaction between the pump wave and the signal (or the converted) can be ignored in our model. Then we just concentrate on these two processes: interaction between the pump and SH wave, interactions among the SH, the signal and the converted waves. Similar to the previous analyses [20, 21], we derive the following coupled mode equations to describe the interactions among the pump, SH, the signal and the converted waves inside the crystal: , β 1 c and β 2 c are the first and second derivatives of the propagation constants with respect to the angular frequency ω, which are centered at ω p, ω SH , ω s and ω c respectively. κ pp and κ sc refer to the SH and the converted wave coupling coefficient. α p , α s , α c , α SH are the attenuation coefficients for the pump, the SH, the signal, and the converted waves, respectively. We introduce a new time variable T=t-zβ 1 s measured in the reference frame moving with the input signal pulse. Thus 
where Λ is the poling period of PPMGLN crystal. β is the propagation constant with respect to angular frequency. 
Simulation results
We use the split-step Fourier method [23] to simulate the evolution of the pulses inside the crystal, since the coupled-mode differential equations above can't be solved analytically. For practical consideration, we set the temperature at 25 o C in our simulations. In addition, we take α p =α s =α c =α SH =0 dB/cm for simplicity. The length of crystal is 30 mm and A eff =45μm 2 , d eff =16.5pm/V. Fig 2 shows that the fractional time delay of the signal pulse is 1.5 (120fs/80fs). The pulse width decreases from 80fs to 38fs. This kind of compression of the pulse is due to the nonlinear phase shift induced by the quadratic cascaded interaction, which is similar to the soliton compression mentioned in Ref.
[24]. By changing the intensity of the pump, or tuning the wavelength of the signal, large delay or advancement of signal pulse is obtained in Fig. 3 . We choose the central wavelength of the pump at 1490nm and the signal at 1560nm, which corresponds to the situation of GVM=44.80fs/mm. By decreasing the pump intensity to 0.1 GW/cm 2 , no delay is obtained as the green line shows in Fig. 3 , in the meantime, pulse duration broadens to 150 fs due to GVD effect.
By tuning the central wavelength of the pump and the signal to make the sign of the GVM negative (GVM=-5.90fs/mm), we can reach the result of the signal acceleration case as red line shows. Fig. 3 Demonstration of the group velocity control by changing pump intensity. The black curve is the input pulse and the green (blue and red) curve is the output intensity with input pump intensity at 0.1 GW/cm 2 (100 GW/cm 2 ). The red line refers to the advancement case due to negative GVM. The width (FWHM) of red, blue and green pulses is 18fs, 18fs and 150fs and the corresponding delay is -194fs, 326fs and 0fs respectively.
Above results are simulated under the phase mismatching condition of Δk p L=53.95π and Δk c L=50π. From Fig.3 , it can be seen that both considerable advancement of 194fs and delay of 326fs are obtained.
To study the relation between pump intensity and pulse delay, we set the intensity of input signal pulse at 1 GW/cm 2 and vary the pump intensity from 1 GW/cm 2 to 50 GW/cm 2 . The corresponding time delay and wavelengths (pump and signal) in each of these cases are shown in Fig.4 : Fig . 4 shows that time delay becomes larger by increasing pump intensity, so that it's possible to control the group velocity of the signal pulse by tuning the intensity of the pump. It also shows that with the same input intensity, different time delay can be obtained with different GVM. It should be noticed that under the large phase mismatching condition, time delay will decrease significantly with the same input pump intensity due to fewer energy exchange between SH and the signal pulse. Besides, tunable time delay or advancement of signal pulse can also be expected by changing phase matching temperature, i.e. changing GVM. Thus, it's more efficient and flexible to control the time delay in our scheme by modulating the intensity of the pump, or tuning its central wavelength, or just changing the temperature of the crystal.
For practical requirement, the bandwidth of delayed signal pulse also needs to be considered seriously. In Fig. 5 , we fix the central wavelength of pump at 1550nm and change the signal from 1460nm to 1640nm to see the corresponding time delay. In our calculations, the domain conversion period Λ is 19.60μm, and the intensity of the input pump (signal) pulse is 50GW/cm 2 (1GW/cm 2 ). The durations of both pulses are 80fs. As shown in Fig 5, zero delay of signal pulse can be obtained at 1550nm. When the signal wavelength deviates from 1550nm, the time delay (or advancement) also increases with the intensity decreasing of output signal. When the intensity of the output delayed pulse is much less than that of the input pulse, this kind of delay becomes meaningless. So we define the wavelength range as the effective signal bandwidth when the intensity of the output delayed pulse is more than that of the input signal pulse (1GW/cm 2 ). In our simulation, the wavelength bandwidths of delayed and advanced signal are both as large as 90nm.
Conclusion
In summary, we have demonstrated all optical tunable control of femtosecond laser pulse theoretically through SHG and DFG quadratic nonlinear cascading interactions. In our scheme, one of the significant advantages is that we can control the group velocity of the signal pulse by varying the pump intensity within a wide range from 1GW/cm 2 to 50GW/cm 2 or even higher. This may help us to find a different practical way to achieve controllable delay lines which are essential in all optical communications. Since the delayed pulse has the soliton feature, this scheme would provide an approach to form the slow light soliton [25] .
